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Abstract: Fate and transport models have extensively been used to predict distribution of toxic 
substances in the multi-media environment. In mining industry, predictive models are commonly 
used to evaluate performance of mitigation measures and estimate remediation costs during 
different phases of a mine lifecycle. These models are often used in deterministic form; however 
the probabilistic analysis through Monte Carlo analysis simulations is also popular to describe 
parameter uncertainties. In pre-mine phase, where data and information that characterize a mine 
site are scarce, some parameters of fate and transport models can be best described as random 
and can subjectively be defined as fuzzy variable. This paper presents a fuzzy-probabilistic 
approach to propagate parameters uncertainties throughout the modeling process. An 
aquivalence-based fate and transport model was developed for a mine site. This model was 
integrated with fuzzy-probabilistic algorithm to predict the distribution of copper concentrations in 
soil and groundwater. The prediction results showed the distribution of copper concentrations in 
groundwater, the associated prediction uncertainties and sources of uncertainty.  

1. Introduction 

Mining industry plays a paramount role in economy and overall employment of Canadian (NRCan 
2011). However, this industry produces vast amount of solid waste, which may contain sulphidic 
materials. The exposure of sulphidic materials to water and oxygen can result in acid mine 
drainage (AMD) that release toxic substances and cause damage to the environment and human 
health (Morin and Hutt 1997). To prevent the negative impacts and to lower remediation costs, 
proactive detection and resolution of contaminant concerns from mine sites are of high 
importance (Price 2009). This proactive detection is often undertaken through pre-mining 
prediction of future drainage quality of mined materials.  

Fate and transport models are one of the predictive modeling tools that help to estimate the 
maximum contaminant concentrations in different media (e.g., soil, water, sediment, etc.). 
Predictions of models are often used to plan mitigation measures and estimate the costs of future 
remediation of sites to reduce the damage to environment and human health. Thus a reliable and 
accurate prediction of the drainage quality from mine wastes is required for appropriate decision 
making (Price 2009).   

Predictive models, however, have inherent uncertainties such as structural, parameter and input 
data uncertainties (Walker et al. 2003; Matott et al. 2009). Model structure uncertainty is the 
conceptual uncertainty that arises due to the imperfect knowledge and simplified descriptions of 
mine site processes as compared to reality. Parameter uncertainty is the uncertainty related to 
parameter values that arises because of lack of site characterizing data due to financial and time 
constraints. Input data uncertainty is the uncertainty related to system data that drive the model 
(e.g., weather data and waste rocks reactive surface areas).  
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Parameter and input data uncertainties may originate from randomness due to natural variability 
resulting from heterogeneity or stochasticity and/or imprecision due to lack of information 
resulting from systematic measurement error or expert opinions (Baudrit and Dubois 2003). The 
uncertainties related to randomness and imperfect knowledge referred as stochastic/aleatory 
uncertainty and epistemic uncertainty, respectively (Walker et al. 2003). The aleatory uncertainty 
is non-reducible, whereas epistemic uncertainty is reducible by more studies such as more 
research and data collection (Refsgaard et al. 2007). These inherent uncertainties of modeling 
are rarely stated or recognized in mining industry (Maest et al. 2005) or simply treated as 
stochastic uncertainty and addressed using probabilistic approach.  

In pre-mine phase, where data and information that characterize a mine site are scarce, some 
parameters of fate and transport models can be best described as random variables and some 
can subjectively be defined as fuzzy variables. In cases where model parameters are presented 
by random and fuzzy variables, two separate methods must be used to propagate the 
uncertainties (Fearson and Ginzburg 1996). However, most researchers represent the 
parameters of fate and transport model through probabilistic distribution functions (Sadiq et al. 
2003; Luo and Yang 2006) or deterministic values (Mackay et al. 1983, 1989 and 1994). In this 
paper, hybrid fuzzy-probabilistic approach that considers randomness and imprecision is 
presented to propagate input parameters uncertainties of aquivalence-based fate and transport 
model. The remainder of this paper organized as follows: in the next section, the development of 
an aquivalence-based fate and transport model for a mine site, fuzzy-probabilistic approach and 
input parameters are presented. The results and conclusion are discussed in the last sections. 

2. Methodology 

2.1 Aquivalence-based fate & transport model  

Mackay (1991) has developed an approach for the estimation of chemical distributions in 
multimedia based on the complexity of transport and transformation processes. Mackay (1991) 
defined four primary compartments, namely, air, water, soil and sediments. This model uses 
aquivalence (A, mol/m3) as the controlling variable instead of using concentration (mol/m3). A 
linear relationship existing between these quantities (i.e., C =A ⋅ Z’). The Z’ is the aquivalence 
capacity, which depends on the characteristics of the chemical, the medium, and temperature. 
The aquivalence value of water (Z’W) is actually defined as 1.0 and the values for other media are 
obtained by multiplying Z’W by partition coefficients of particular medium. Rates of diverse 
processes (mol/h), ranging from wet and dry deposition from the atmosphere to the chemical 
transformation to re-suspension of bottom sediments, can be expressed as the product of an 
aquivalence and a transport or transformation parameter or D value (mol/Pa.h). There are three 
types of D values:  

• for chemical transport by advection flow D is expressed as GZ’, where G is a mass phase 
flow rate (m3/h),  

• for chemical transport by diffusion, D is given as UAZ’, where U is a mass transfer 
coefficient (MTC) (m/h), and A is area (m2), and  

• D for chemical transformation is equal to VkZ’, where V is the compartment volume (m3), 
and k is a first order rate constant (h-1). 

In this study, a steady-state aquivalence based model is developed to simulate fate of heavy 
metals in soil and water media from a hypothetical mine site. The mine system consists of 
tailings, soil layer and an aquifer. It was assumed that the tailings are sources of copper metal 
emission (ES) into soil. Intermedia transport, water-to-soil and soil-to-water mass flow through 
diffusion and advection were considered. The diffusion of copper from water to soil (DWS) and soil 
to water (DSW) are calculated based on mass transport coefficient. The advection through soil 
(DAS) and groundwater (DAW) values, which are the transport of copper through pore water of soil 
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and groundwater, are calculated based on infiltration and groundwater flow rates, respectively. An 
algorithm for calculating the metal concentration in soil and water is presented in Table 1.  

Table 1: Algorithm for computing Cu concentrations in soil and water  
Steps Parameters and Equations 

Define physico-chemical properties of 
pollutants.  

Kd (Partitioning with soil) 

Define multimedia physical properties.  Length (l), Width (w), depths of groundwater 
and soil (dgw and ds), densities etc.  

Define flow rates or advection velocities in 
soil-water system. Similarly reaction rates can 
be determined from half lives (H1/2) or kinetic 
coefficients (k) in water and sediments. 

Ggw, Gs (flow rates)  
k = 0.693/H1/2 for first order kinetic 
Practically half-lives are very long, so no 
reaction loss is expected 

Calculate the aquivalence capacity (Z') of all 
compartments.  

Z'w = 1,     Z's = Z'w Kd   

Calculate the advection D-values. 
 

 Reaction   DRW ≈ 0     and         DRS ≈ 0 
 Advection  DAW = Z’w Ggw       and       
 DAS = Z’S GS  

Calculate the diffusion D-values 
Z'W and Z'S are aquivalence capacities of 
water and soil, respectively.  
 A is the area of soil-groundwater interface.  

DSW = AU11 Z'S and DWS = A U11 Z'W  
U11 = mass transfer coefficient (MTC) by    
(Mackay et al. 1996) 
 

Define pollutant loads by direct emissions in 
soil (ES) 
Ccu and MW are copper emissions and 
molecular weight 

MW
GC

E SCu
S

×
=  

Calculate aquivalence (Ai). 
AW and AS, the aquivalence of water and soil 

AWWS

S
W DD

E
A

−
=      and 
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AWS
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DEA
+×−

=  

Calculate concentrations (mg/L) in multimedia. 
MW = molecular weight   
(Cu =63.55) 

CW = MW × Z'W × AW        (groundwater)     
CS = MW × Z'S × AS     (soil)    

2.2 Fuzzy-probabilistic approach for uncertainty modeling  

Fuzzy-probabilistic is hybrid of fuzzy arithmetic and Monte Carlo (MC) analysis. This approach 
has been used to propagate parameter uncertainties in risk analysis (Guyonnet et al. 2003; 
Kentel and Aral 2004). The hybrid fuzzy-probabilistic approach is an integration of fuzzy 
arithmetic at each 𝛼-cut and Monte Carlo algorithm. The aquivalence fate model is written in 
terms of fuzzy arithmetic operation (Ross 2004). This model is integrated with the fuzzy-
probabilistic algorithm to compute the contaminant concentrations in groundwater. The fuzzy-
probabilistic algorithm is presented as follows: 

i. Select a value of α and compute min and max values. This provides fuzz numbers 
A1,…Am. 
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ii. Generate n random number and sample n pdf’s. This provides random variables 
B1,…,Bn. 

iii. Run the model for fuzzy-random parameters combination (A1, B1,…,Bn). 
iv. Repeat step ii-iii for A2-Am. 
v. Generate fuzzy outputs from CDFs at a selected level of probability. 

2.3 Model input parameters 

The input parameters (i.e., physico-chemical characteristics of pollutant and the multimedia 
environment) of the fate and transport model are provided in Table 2. Clay till thickness (dS) of 8 
m and groundwater elevation (dGW) of 712 m at hypothetical mine site were used. The clay till 
overlies an aquifer that is considered as homogenous and well mixed. The aquifer has a length 
and width of 1245 m. It is assumed that infiltration through the clay till (GS) is gravity driven and it 
transports the copper concentrations to groundwater. The soil-water mass transport coefficient 
(U11) is obtained from MacKay (1996). The concentration in the tailings is equal to the pollutant’s 
aqueous solubility and it migrates vertically through the clay till by advection and diffusion. The 
mass flux at the clay-aquifer interface mixes homogenously over a given aquifer thickness. The 
pollutant also migrates from the aquifer to the surrounding lake by advection flow (Ggw). Table 2 
also shows the probabilistic or possiblistic distribution of input parameters together with their 
values. The probabilistic distributions of the random parameter are determined by fitting the 
concentrations of copper data obtained from Morin et al. (2010) using @Risk Software (Palisade 
2005) and from literature for partitioning coefficient of copper (Allison and Allison 2005). The 
triangular distribution type of the fuzzy parameters is subjectively selected and their values are 
obtained from literature (Morwijk 1993). The developed integrated model was used to simulate 
transport of copper concentrations into the soil and groundwater. 

Table 2: Input parameters of an aquivalence-based fate model 

Parameter Symbol Units Variable Type 
Value/Distribution/Fuzzy 
number 

Molecular weight MW g/mol constant 63.6 

Half-lives in water H1/2-water h constant 1E+40 

Half-lives in soil H1/2-soil h constant 1E+40 

Aquivalence capacity Z'w  constant 1 

Width w m constant 1245 

Length l m constant 1245 

Thickness of groundwater dgw m constant 712 

Thickness of soil ds m constant 8 

Soil-water mass transport U11 m/h constant 1.0E-05 

Density of solids ρs kg/m3 fuzzy 
triangular: 
(2600,2740,2800) 
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Advection of soil Gs m3/hr fuzzy triangular: (2,10,18) 

Advection of groundwater Ggw m3/hr fuzzy triangular: (0.01,0.3,0.6) 

Partition coefficient of Cu log Kd l/kg random lognormal~(2.5,0.6) 

Copper concentration  CCu mg/l random lognormal~(8.9,1.56) 

3. Results and discussion 

The prediction of Cu concentrations in groundwater is presented in Figure 1. It depicts cumulative 
distribution functions of copper concentrations in groundwater at α-cut 0, 0.5, and 1. The vertical 
shape of the lower bound distributions at α-cut 0, and 0.5 indicate these results lack randomness 
and approach fuzziness. Whereas, the distributions shape of α-cut 1 and upper bound of α-cut 0 
and 0.5 indicate these distributions have both fuzziness and randomness. The horizontal distance 
between the lower and upper bounds shows the uncertainty due to imprecision. The lower and 
upper bounds of α-cut 0 provide a probability level of a given concentration value occurs.  For 
example, the probability of Cu concentration less than 4 mg/l in the groundwater is 60% as shown 
in Figure 1.  

 

Figure 1: Prediction of Cu concentrations in groundwater 

The prediction of Cu concentrations in soil is presented in Figure 2.  It shows that lower bound 
distributions of α -cut 0 and 0.5 are vertical and coincided. This shows that the prediction 
uncertainties lack randomness and approach fuzziness. Whereas the distributions of α-cut 1 and 
the upper bound distributions of α -cut 0 and 0.5 show the prediction uncertainties have 
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randomness than fuzziness. For example, there is 60% probability that the Cu concentration in 
the soil is less than 1.09 x 10-7 mg/kg. 

 

 

Figure 2: Prediction of Cu concentrations in soil 

The membership functions of Cu concentrations in groundwater at 50th, 75th and 95th fractiles are 
presented in Figure 3. The supports (i.e., membership at zero) of a fuzzy number show that the 
possible ranges of Cu concentration in groundwater at a given fractile. The Cu concentration 
value at membership equal to one (i.e., the full membership) shows the most likely values Cu 
concentration in the groundwater. For 95th fractile, the lower and upper bound range of Cu 
concentrations in groundwater is 0.56 to 5.07 mg/l, respectively. The values outside of this range 
are not a member of fuzzy number at 95th fractile. The most likely value of Cu concentration in 
groundwater at 95th fractile is around 1.93 mg/l as shown in Figure 3. The support of a fuzzy 
number provides a range of uncertainty. In Figures 3, the supports of membership (i.e., 
uncertainty band) increase as the fractile level increase from 50th to 95th.  

The membership functions of Cu concentrations in soil at 50th, 75th and 95th fractiles are 
presented in Figure 4. The uncertainties (i.e., supports of membership) increase as the fractile 
level increase from 50th to 95th fractiles. For the 50th and 95th fractiles, the uncertainty bands 
increased from 0.0 - 8.17×10-8 to 2.93 × 10-10 – 4.72 × 10-7 mg/kg. For these fractiles, the most 
likely values increased from 1.65 × 10-8 to 9.87 × 10-8 mg/kg, respectively.  
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Figure 3: Membership functions of Cu concentrations in groundwater at 50th, 75th and 95th 
fractiles  

 

Figure 4: Possibility distribution of Cu concentrations in soil at 50th, 75th and 95th fractiles  

4. Conclusions 

In this study, aquivalence-based fate and transport model was developed to simulate distributions 
of heavy metals in a mine site environment. This fate model is integrated with fuzzy-probabilistic 
algorithm to propagate input parameter uncertainties that arise due to randomness and lacks of 
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information. The fuzzy-probabilistic algorithm is developed by combining fuzzy arithmetic with 
Monte Carlos algorithm. The results of these simulations showed that the distribution of copper 
concentrations in soil and groundwater in term of cumulative distribution functions (CDFs) and 
possibility distributions. The CDFs results show the magnitude of the prediction uncertainties, 
confidence level and indicate sources of input uncertainties (i.e., randomness or imprecision). 
The information on sources of uncertainties will help modelers and decision makers to determine 
needs for further research and data collection activities to reduce parameter uncertainty. 
However, this approach does not provide reasonable results in case a model has complex 
equations (e.g., subtraction operation in a denominator) and repeated use of a fuzzy number in 
equations.  
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