Computers & Geosciences Vol. 11, No. 4, pp. 409-416, 1985
Printed in the U.S.A.

0098-3004/83  $3.00 + .00
© 1985 Pergamon Press Ltd.

SIMPLIFIED EXPLANATIONS AND EXAMPLES OF
COMPUTERIZED METHODS FOR CALCULATING
CHEMICAL EQUILIBRIUM IN WATER

KEVIN A. MORINY
Institute for Groundwater Research, University of Waterloo, Waterloo, Ontario, Canada N2L 3Gl

(Received 21 November 1983; accepted 6 April 1985; received for publication 13 May 1985)

Abstract—Simplified explanations and examples are provided for several methods for computing chemical
equilibrium in water: Continuous-Fraction, Monotone-Sequences, Newton-Raphson, Secant, and Steffensens.
The efficiencies of the methods are compared. Complexities caused by activity coefficients, precipitation-
dissolution, variable pH, and variable pe (Eh) are discussed briefly.
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INTRODUCTION

In the aqueous ion-pairing concept, computation of
chemical equilibrium involves the calculation of con-
centrations of free ions, aqueous complexes, and ion
pairs. Because of the large number of equations in-
volved in the calculation, chemical equilibrium may
be calculated by computer programs. There are many
programs currently available for equilibrium calcula-
tions, as pointed out by Nordstrom and others (1979),
however, these programs employ only a few specific
methods for calculating equilibrium concentrations.

These methods can be categorized into three groups:
(1) minimization of Gibb’s Free Energy, (2) repetitive
sequence of equations, and (3) solution of matrix
equations. The first group is used rarely by hydro-
geologists and low-temperature geochemists, and is not
discussed in this paper; the remaining groups use equi-
librium constants for the calculation of ion-pair and
complex concentrations.

The methods briefly discussed here are presented in
greater detail in the original references; however, one
must spend much time with the abundance of super-
scripts, subscripts, and mathematics in the original ref-
erences to gain a basic understanding. Also, some
points discussed in this paper are not covered in the
onginal references. Therefore, for hydrogeologists who
wish to gain in a relatively short time a basic under-
standing of the methods and for those who wish a be-
ginning point for the in-depth study of the methods,
this paper presents simplified explanations and ex-
amples of general methods for the calculation of
chemical species in water. In the examples, the simple
aqueous systemn of Ca**, SO3~, and CaSO? is analyzed.
For the repetitive-sequence methods, a basic under-
standing of aqueous geochemistry and mathematics is
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required; for the matrix-solvers, a basic understanding
of partial derivatives and matrices also is required.

METHODS INVOLVING REPETITIVE
SEQUENCES OF EQUATIONS

The two methods in this class are the Continuous-
Fraction Method and the Monotoie-Sequences
Method.

Continuous-fraction method

This method is described in detail by Wigley (1977).
The Continuous-Fraction Method involves a series of
equations which a computer repetitively executes, that
is performs iterations, until equilibrium is reached (Al-
gorithm 1). Initially, trial concentrations for the master
species (usually free ions such as Ca** and SO3") are
assumed; in the simple system of Ca®*, SO}, and
CaS04, satisfactory initial assumptions are (Ca®*)
= Total Calcium and (SO3") = Total Sulfate (Algo-
rithm 1). Then a trial concentration for CaSOY is cal-
culated from the trial Ca®*, the trial SO3~, and the
equilibrium constant for the reaction. Finally, trial total
concentrations for Calcium and Sulfate are obtained
by summing Ca?* and CaSO§ and by summing SOZ~
and CaSO}, respectively.

The iterations through the equations then adjust the
trial concentrations by multiplying the previous trial
concentrations by the ratio of (actual total concentra-
tion of the element)/(trial total concentration of the
element). For example, if the trial total concentration
is larger than the actual total concentration, then (1)
the trial concentration of the master species is reduced,
(2) new tnal concentrations of complexes are calcu-
lated, (3) a new trial total concentration is obtained by
summing concentrations of the free species and the
complexes, and finally (4) a new trial concentration of
the master species again is calculated (Algorithm 1).
This repetition is continued until the adjustment of
the concentrations is less than a preselected error. The
final result is the chemical-equilibrium concentrations
of the free ions and complexes.
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The following “computer program” is a simplified
algorithm  employing the Continuous-Fraction
Method. In the algorithm, activities ([X]) are assumed
to be equal to concentrations (X)), that is the ionic
strength of the solution is assumed to be small; the use
of activity coefficients when the ionic strength is sig-
nificant is discussed later.
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Monotone-Sequences Method is composed essentially
of two simultaneous continuous-fraction iterations,
which calculate a minimum and maximum concen-
tration for each master species. The iteration process
is stopped when the difference between the minimum
and maximum values are less than a preselected error.
The basic algorithm for Ca®*, SO}~ and CaSO{ is:

++ INPUT VALUES AND INITIAL GUESSES )

Total Ca

Total SO4

ERROR

(Ca?) = Total Ca
(SO4*) = Total SO4

K = equilibrium constant for formation of CaSO,°

*x+ COMPUTATION

100 [CaS0O,’] = K#[Ca>"]*[SO.*7]
(Ca¥*) = (Ca®*) {Total Ca/((Ca®*) + (CaSO.")}

(SO4%7) = (SO)* { Total SO4/((SO4*") + (CaSOL )}

If CHANGE in species > ERROR go to 100

PRINT RESULTS
Stop

The computation section can be simplified to:

*x COMPUTATION 2)
100 (Ca*) = Total Ca/(1 + K*[SO4>"])
(8O4*") = Total SO4/(1 + K+[Ca®"])
If CHANGE > ERROR go to 100
[CaSO.°] = K*[Ca?*]*[SO,"]
PRINT RESULTS
Stop

This simplification reduces the number of calculations
in one iteration, but can only be used where there are
no complexes or ion pairs containing more than one
molecule of a master species. For example, if
Ca,SO3* existed instead of CaSOY, then the second
term in the denominator of statement number 100 of
Algorithm 2 would contain a [Ca®*] factor, thereby
invalidating the simplification.

Monotone-sequences method

This method is a variation on the Continuous-Frac-
tion Method and is described in detail by Wolery and
Walters (1975) and Walters and Wolery (1975). The

** INPUT VALUES AND INITIAL GUESSES (3)

Total Ca

Total SO4

ERROR

(Max Ca**) = Total Ca

(Min Ca®*) = Total Ca * very small value
(Max SO,%7) = Total SO4

(Min SO,%") = Total SO4 * very small value

K = equilibrium constant for CaSO,°
*x COMPUTATION
100 (Min SO,>7) = (Min SO,77)=
{Total SO4/((Min SO,*")
+ K*[Max Ca®*]*[Min SO, ])}

(Min Ca’) = (Min Ca®)+

{Total Ca/((Min Ca®)

+ K*[Min Ca?*}*[Max SO )}
(Max Ca?*) = (Max Ca?*)+
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{Total Ca/((Max Ca®)
+ K+[Max Ca®*]#[Min SO.27))}
(Max SO,%7) = (Max SO )=
{Total SO4/((Max SO,*")
+ K+[Min Ca®*]+[Max SO,>"])}
If DIFFERENCE between Max and Min >
ERROR go to 100
PRINT RESULTS
Stop
As with the Continuous-Fraction Method, routine (3)
can be simplified if all complexes and ion pairs contain
a maximum of one molecule of each master species.
In this simplification, initial guesses for (Min Ca*)

and (Min SOZ7) are not needed and the computation
is:

*x» COMPUTATION

100 (Min SO,Z7) = Total SO4/(1 + K+[Max Ca?*])
(Min Ca®*) = Total Ca/(1 + K*[Max SO427))
{Max Ca?*) = Total Ca/(1 + K+[Min SO7))
(Max SO,4*7) = Total SO4/(1 + K*[Min Ca’*])
If DIFFERENCE > ERROR go to 100
[CaS0,°’] = K*[Max Ca**][Min SO,>7]
PRINT RESULTS
Stop 4)

METHODS INVOLVING SOLUTION
OF MATRIX EQUATIONS

These methods solve matrix equations for the change
in master species at each iteration. The matrix equa-
tions are derived from the Taylor’s Series using d(x)
as the change in activities at one iteration:

Jx +d(x)) = f(x) + dx)*f(x)
F (A2 ") + <+ (5)
where f'(x) is the first derivative of f(x) and f"(x) is

the second derivative of f(x). Assuming that only the
first two terms on the right are important leads to:

Sx + dx)) = f(x) + d(x)*/"(x). (6)
If fis formulated so that it is equal to zero at equili-

brium and if d(x) is selected so that chemical equilib-
rium is attained, then f(x + d(x)) = 0 and

0 = f(x) + d(x)xf"(x). M

Readjusting Equation 7 yields:

S ()d(x) = =f(). ®)

Because / is nonlinear and because the series in
Equation 5 is truncated to Equation 6, the proper value
of d(x) for equilibrium cannot be calculated readily;
an iterative approach is required.

Because there are #» number of master species and
complexes present in a water, f'(x) is matrix of size n
X n and f(x) and d(x) are vectors of length n. If f(x)
and f(x) are constructed so that they contain only
known values at an iteration, then d(x) for an iteration
can be calculated by techniques such as Gaussian
Elimination and d(x) can be added to the trial con-
centrations of the master species to produce new trial
concentrations for the next iterations:

Xk + 1y = Xgo T d(X)g 9)

where k = iteration number. Then f'(x) and f(x) are
recalculated and a new d(x) is obtained. This process
is continued until d(x) is less than a preselected error.

The equations that form f'(x) and f(x) now will be
examined. At equilibrium, d(x) = 0 and thus, by
Equation 8, f(x) = 0 at equilibrium. This is consistent
with the formulation used in deriving Equation 7 from
Equation 6. Function f(x) has two different types of
entries: one for complexes and ion pairs, and one for
mass balance. As an example, the system containing
Ca?*, SO%~, and CaSOY again is examined:

d(x)) = d[CaSO§], d(x,) = d[Ca®"],
d(x;) = d[SO77] (10)
S () = [CaSO§] — K*[Ca**]*[SO%] (1)
f(x3) = (CaSO9) + (Ca’*) — (Total Ca)
f(x3) = (CaSOY) + (SO37) — (Total SO4).
However, the exact form and approximations selected

to represent the f*(x) matrix produce the three methods
examined in this group.

Newton-Raphson Method

The Newton-Raphson Method is discussed in detail
in Parkhurst, Thorstenson, and Plummer (1980) and
Palmer (1983). In this method, the /'(x) matrix for
Ca®*, SOZ™, and CaSOj is:

x))  If(x) 9f(x)
J[CaSOY] d[Ca**] 3[SOZ"]

Af(x)  f(x) df(x)
8[CaSOQ] 4[Ca*] 3[SOZ]

Y (xs)  9fxs) 9f(xs)
8[CaS0Og] 9[Ca™*] 8[SO; ]

(12)
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Evaluating Matrix 12 through Equation 11 yields:

1 —K X [SO¥]-K X [Ca?*] d[CaSO9] |

4] d[Ca®*]
| _
P d[SO%] |
—f (Xl)—
= | =f0a) |(13)
—f(x3) ]

+* INPUT VALUES AN
Total Ca
Total SO4
ERROR

Initial guess for [Ca%*]

where

g1 = activity coefficient of CaSO}
82

& = activity coefficient of SO3~

activity coefficient of Ca**

(g1, &2, &3 are assumed to equal 1 in these ex
The values of d(x) now can be solved by stand
niques such as Gaussian Elimination; howe:
mainframe-computer systems have efficient
stored in program libraries for solving this
The problem of activity coefficients which are
to | 1s discussed in the section on Addition
plexities in Chemical Equilibrium.

The simplified algorithm for Ca?*, SO
CASOY is as follows; minor variations of this
gorithm exist. - -

D INITIAL GUESSES

Initial guess for [SO,*]

Initial guess for [CaSO,°]

K = equilibrium constant for CaSO,°

**+ COMPUTATION

100 F(1) = [CaSO,°] — K*[Ca®*]+[SO,>]

F(2) = (CASO,") + (Ca™) — (Total Ca)

F(3) = (CaSO,’) + (SO4*") — (Total SO4)

FPRIME(1,1) = 1.0
FPRIME(1,2) = [SO.* |#

(=K)

FPRIME(1,3) = [Ca*"]*(—K)

FPRIME(2,1) = /g,
FPRIME(2,2) = /g,
FPRIME(2,3) = 0.0
FPRIME(3,1) = 1/g,
FPRIME(3,2) = 0.0
FPRIME(3,3) = 1/g,

[CaSO,’] = K«[Ca®*]%[SO,*"]

*SUB-PROGRAM to calculate dx

[Ca®*] = [Ca®*] + d[Ca®*]

[SO.*7} = [SO.*7] + dfSO.*7]

If CHANGE in concentrations > ERROR go to 100

PRINT RESULTS
Stop
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Beginning with an initial guess, f'(x) and f(x) can be
calculated at each iteration and then d(x) can be eval-
vated. Equation 9 then is used to change the activities
of the master species (Ca*>* and SO3"). Iterations con-
tinue until d(x)’s converge to values less than a pre-
selected error.

Secant Method

In this method (e.g. Rice, 1983), f'(x) is replaced by
a finite-difference approximation using values from two
previous iterations:

- Sulx) _f(k - (%)

Xty = Xk — 1y

') (15)

where k = iteration number. Again using the system
with Ca®*, SO3~, and CaSO$, the f'(x) matrix for the
Secant Method is:

f(K)(xl) _f(K—l)(xx)

f(K)(xl) - f(K—l)(Xl)

then d(x) is calculated and Equation 9 provides new
values to recalculate /'(x) and f(x). Iterations continue
until d(x) is less than a preselected error. In its basic
form, Steffensens’ Method is a poor method for cal-
culating chemical equilibrium, because of its divergent
and unstable behavior.

COMPARISON AND LIMITATIONS
OF THE METHODS

In the discussion of the methods, little was men-
tioned on how quickly the methods converge towards
chemical equilibrium through a series of iterations or
whether the methods converge at all. This section is
concerned with these topics.

Assuming all the methods converge, the speed of
convergence can be described by the “order of con-
vergence”:

f(K)(xl) _f(K—l)(xl)

[CaSOSlx) — [CaSOlk-1) [Ca®*lx) — [Ca**lix-) [SOF Ty — [SOF ko)

Juo(x2) = fix-p(x2)

f(K)(Xz) — Jix—1(x2)

S (X2) = fix-1)(x2)

[Casogl(l() - [CaSOg](K_l) [C32+](K) - [Caz+](l(—l) [Soi']u() - [SOg_](K—l)

f(x)(Xa) - f(K—n(xa)

Jao(X3) = fx=1(x3)

f(K)(Xz) - f(lc—x)(xs)

16
[CaSO8lx) — [CaSO%k-1) [Ca®*)ixy — [Ca** k-1 [SOi )& — [SOF k-1 (16)

where k = iteration number. Values for f(x) are cal- eyl
culated from Equation 11 using [CaSOY], [Ca®*], and i‘lﬂ le(k)|® ~ Constant > 0 (19)

[SOZ7] at the k iteration. However, the Secant Method
requires two initial guesses for the concentrations of
each species so that the f'(x) matrix can be calculated
initially, then d(x) can be obtained by Gaussian Elim-
ination or through other software routines. Equation
9 then provides new values and a new iteration is per-
formed. Iterations continue until d(x) is less than a
preselected error. As will be shown later, the Secant
Method is a poor method for calculating chemical
equilibrium and should not be used in its basic form.

Steffensens’ Method
In this method (e.g. Rice, 1983), f'(x) is replaced
by:

S+ fx) - /)

S 7o)

(7

with Ca?*, SO3~, and CaSO}, the f'(x) matrix is:

S+ 00} = f0a) f{x + f0a)} = f0a) f{x + f06)) — fa)

where

k = iteration number

|e| = absolute value of (calculated concentration of a
species)—(actual concentration at equilibrium)

p = order of convergence.

Most of the methods discussed here have orders-
of-convergence of either 1 or 2 (Table 1; Rice, 1983).
As an example, assuming Constant = 0.5 and |e(k)|
= 0.01, Equation 19 can be approximated by:

lew + nl = 0.5%0.017. (20)

If p = 1, then the error at the next iteration is about
0.005; if p = 2, the error at the next iteration is
about 0.00005. At first, it would seem that methods
with p = 2 are preferable, but the efficiency of a
method determines which is preferable. Although
Rice (1983) gives a specific mathematical definition

S(xy) J(x2) S(x3)

S0+ f00)} = f00) f{xa + ()} = f(x) f{xa + f(x3)} — f(x2) (18)
Jx) J(x2) f(x3)

S +x0)} = f0) f{xa + [0)} = f0x3) f{xs + f(x3)} — f(x3)
Jxy) S0e) flxy) '

This method requires one initial guess for Ca?*,
SO;™, and CaSOY in order to obtain f’(x) and f(x),

of efficiency, the more qualitative definition will be
used here: efficiency of a method is a statement of
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Table 1. Order-of-convergence (p) for methods

Method D
Continuous-Fraction 1
Monotone-Sequences 1
Secant 1.6 (approx)t
Newton-Raphson 2
Steffensens 2%

+ From Rice (1983).

the order of convergence as compared to the number
of mathematical calculations performed during one
iteration. For example, using the system of Ca’*,
SO%~, and CaS0Y, the efficiency of the Continuous-
Fraction Method (p = 1) is greater than the efficiency
of the Newton-Raphson Method (p = 2), which has
to perform many mathematical operations in order
to calculate /'(x), calculate f(x), and to solve for d(x).
However, in larger systems, methods with p = 2 are
more efficient.

The most important factors in determining which
order-of-convergence is more efficient are, first, the
combined number of master species and complexes
and, second, the ratio of (complexes/master species).

f(K)(Xx) - ﬁK—l)(Xl)

f(K)(xx) - f(K—l)(Xl)

K. A. MORIN

CO?% should be the master species for carbonate. Also,
Morin (1983) determined that, in low-pH seepage from
uranium-tailings impoundments, Al-F and Al-SO,
complexes may dominate aluminum behavior and us-
ing AI** as the aluminum master species could produce
erroneous results. The precise reasons for noncon-
vergence by trace-concentration master species are (1)
round-off errors in computer arithmetic (e.g. Rice,
1983) and (2) the large change in concentrations of
dominant complexes containing more than one mol-
ecule of a master species when the concentration of
the trace master species is changed slightly.

With properly selected master species, the p = 1
methods will converge as long as a reasonable initial
guess is made (e.g. (master species) = total concentra-
tion of element). For the p = 2 methods, a “good”
initial guess is required for convergence; however, the
definition of “good™ is not defined easily for a complex
system. Even with good initial guesses, the Secant and
Steffensens’ Methods may not converge for chemical
equilibrium because of their unsatisfactory approxi-
mations to f'(x). For the Secant Method, its basic ap-
proximation to f'(x) (Matrix 16) can be simplified by
a technique similar to Gaussian Elimination to:

f(K)(xx) - f(K—l)(xl)

1%}
1]

However other factors such as the ratio of (the
number of 1:1 complexes/the number of 1:2 com-
plexes) also are important. The p = 2 methods are
generally more efficient when the combined number
of master species and complexes i1s about 40 to 150
and greater.

Although the previous paragraph discussed the
sclection of p = | or p = 2 methods, it did not
include the selection of a method after the p value
has been decided. This selection is based on both the
efficiency of the methods and whether the method
converges at all. For the p = 1 methods, a quick
inspection of Algorithms | and 3 show that the
Continuous-Fraction Method is more efficient. For
the p = 1.6 to 2 methods, general efficiency usually
shows the decreasing trend of Secant > Newton-
Raphson (Rice, 1983). However, in their basic forms,
both the Secant and Steffensens’ Methods display
crratic and divergent behavior when solving for
chemical equilibrium and, thus, should not be used
in their basic forms. The causes of nonconvergence
now will be discussed.

All methods examined in this paper will display
nonconvergent or extremely slow convergent behavior
if the proper master species (free ion or complex) for
the elements are not selected. The requirement for the
master species is that it has to be one of the dominant
species for the element. For most elements, a proper
master species is the free ion, such as Ca®* and
SO?™ . In low-pH waters, H,CO$ or HCOj7 rather than

[CaSOE}](K) - [CaSOS](Kvl) [C32+](K) - [Caz+](1<—|) [Sog_](k’) - [SO§~](K—1)

1%}

p @1

where k = iteration number. Matrix 21 indicates that
d(x) cannot be evaluated.

One technique of stabilizing a method to ensure
convergence is to combine two methods into a “hybrid
method”. For example, the computer model
PHREEQE (Parkhurst and others, 1980) combines the
Continuous-Fraction and Newton-Raphson Methods;
the Continuous-Fraction routine provides the good
initial guess for the Newton-Raphson routine. Other
hybrnid methods simply involve changing or manipu-
lating a few varniables to increase efficiency and con-
vergence of a basic method. For example, one such
hybrid for the Newton-Raphson Method is the Dis-
crete Newton Method (Rice, 1983), which is not ex-
amined here.

ADDITIONAL COMPLEXITIES IN
CHEMICAL EQUILIBRIUM

There are four major complexities in calculating
chemical equilibrium: (1) activity coefficients, (2) ex-
change with other phases (solids and gases), (3) variable
pH. and (4) variable pe (or Eh). The first complexity
must be accounted for by all aqueous chemical models;
complexities 3 and sometimes 4 also must be accounted
for by models allowing phase exchange. These topics
are discussed briefly in this section.

Up to this point, activities have been set equal to
concentrations, although activities have been distin-
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guished from concentrations in the examples so that
adding a routine for calculating activities is a minor
task. Activity is related to concentration through ac-
tivity coefficients:

[X] = gx(X) @n

where g = activity coefficient. There are many equa-
tions for calculating the coefficients: Debye-Huckel
Equation, Davies Equation, Mean-Salt Method, etc.;
these equations are discussed in detail in texts on
aqueous chemistry. Once an equation is selected, it is
used at the beginning of an iteration to calculate new
activity coefficients for the iteration.

The second complexity is phase exchange; the only
phase exchange discussed here is precipitation-disso-
lution of compounds. There are three basic techniques
by which precipitation-dissolution can be simulated.
The first technique is an empirical approach in which
particular amounts of ions are removed from or added
to solution, the solution then is respeciated by any of
the Methods, then more precipitation-dissolution may
be allowed if desired. This technique was combined
with the Continuous-Fraction Method to simulate
neutralization of uranium-tailings seepage (Morin,
1983). The second and third techniques are similar in
that they involve the construction of a matrix, similar
to Equation 8 for equilibrium speciation. The second
technique combines the chemical-equilibrium matrix
and the precipitation-dissolution matrix into one large
matrix (Parkhurst and others, 1980) and the changes
(d(x)) in activities and changes in amounts of com-
pounds are solved. The third technique keeps the pre-
cipitation-dissolution matrix separate from the equi-
librium matrix; this technique is less costly at times to
use than the second technique (Palmer, 1983).

The third complexity is the change in pH as precip-
itation-dissolution occurs. In this situation, three new
variables are introduced ([H*], f[OH], and [H,0]),
which require three new equations. The value for [H,0]
usually is assumed equal to 1 or is calculated indepen-
dently as a function of the sum of concentrations of
species; up to ionic strengths of 0.5, little error is in-
volved in assuming [H,O] = 1.0. The form of the re-
maining two equations are determined by the type of
method used (repetitive equations or matrix-solver).

The matrix-solver equations are examined first. For
[OH"], the corresponding f(x) equation is f(x) = [OH]
— K*[H,0]/[H]; thus d(OH") is entered simply into
the d(x) vector and f(OH™) and f'(OH™) are entered
in appropriate locations in f{x) and f'(x). The remain-
ing variable, [H*], is accounted for by the charge-bal-
ance equation, which states that the sum of negatively
charged ions times their charge and positive charged
ions times their charge is zero. (For this approach to
work, the initial solution must be charge balanced.)
Also, at each iteration, the sum of the change (d(x)) in
positively charged ions times their charge and the
change in negatively charged ions times their charge
must be zero. These are the forms of f(H*) and f'(H™"),

respectively, which are added to f(x) and f'(x), and
d(H"*) is added to the d(x) vector.

For repetitive equations, the equation [OHT]
= K*[H,0]/[H"] is added to the stack of equations.
To account for [H*], the charge-balance equation again
is used, but because the value for {H*] at the current
iteration usually is not correct, the sum of the charge
balance will not equal zero. However, the resulting sum
does give an indication of how [H*] must be changed:
if the sum is negative, [H*] must be increased; if the
sum is positive, [H*] must be decreased. The magni-
tude of the sum is not equal to the required magnitude
of the change in {H*] because H-complexes and OH-
complexes consume or release H* as the pH changes.
Morin (1983) determined that the optimum approach
is to increment [H*] and respeciate until zero charge
balance is obtained.

The final complexity is a change in pe (or Eh), the
redox state of the solution. Because electrons do not
exist in the free state in large quantities, changes in pe
cannot be calculated along the same lines as changes
in pH. For matrix-solvers, changes in pe are calculated
by assigning “redox values” for every ion capable of
undergoing oxidation-reduction, and equations (f(x)
and f"(x)) then can be written for the change in redox
conditions (Parkhurst and others, 1980; Palmer, 1983).
For repetitive equations, changes in redox conditions
are more difficult to simulate and are limited to a few
redox couples. For example, the redox couples can be
grouped into one equation and the equilibrium con-
stant for this combination is calculated from the pub-
lished constants for each couple. Then concentrations
in the numerator and denominator are incremented
until the calculated value is equal to the actual K for
the equation. If many redox couples are involved, a
routine similar to that for matrix-solvers must be used.

SUMMARY

This paper has presented simplified explanations and
examples for several methods of computing chemical
equilibrium in water: Continuous-Fraction, Monotone-
Sequences, Newton-Raphson, Secant, and Steffensens.
The examples allow an easier understanding of the
methods than does the standard mathematical notation
used for the methods. The efficiencies of the methods
are compared and, for systems with few master species,
complexes, and ion pairs, the Continuous-Fraction
Method is most efficient; in large systems, the Newton—
Raphson Method is most efficient.

Four complexities in solving for chemical equilib-
rium were discussed briefly: activity coefficients, pre-
cipitation-dissolution, variable pH, and variable pe.
Bref discussions have shown how the methods can
incorporate these complexities.
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proximation to f'(x) (Matrix 16) can be simplified by
a terhniane aimilar to Ganssian Flimination to:



